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Abstract. We study how small perturbations of a skew-symmetric matrix pencil may change
its canonical form under congruence. This problem is also known as the stratification problem of
skew-symmetric matrix pencil orbits and bundles. In other words, we investigate when the closure
of the congruence orbit (or bundle) of a skew-symmetric matrix pencil contains the congruence orbit
(or bundle) of another skew-symmetric matrix pencil. The developed theory relies on our main
theorem stating that a skew-symmetric matrix pencil A—AB can be approximated by pencils strictly
equivalent to a skew-symmetric matrix pencil C — AD if and only if A—AB can be approximated by
pencils congruent to C — AD.
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1. Introduction. How canonical information changes under perturbations, e.g.,
the confluence and splitting of eigenvalues of a matrix pencil, are essential issues for
understanding and predicting the behaviour of the physical system described by the
matrix pencil. In general, these problems are known to be ill-posed: small perturba-
tions in the input data may lead to drastical changes in the answers. The ill-posedness
stems from the fact that both the canonical forms and the associated reduction trans-
formations are discontinuous functions of the entries of A—AB. Therefore it is impor-
tant to get knowledge about the canonical forms (or canonical structure information)
of the pencils that are close to A — AB. One way to investigate this problem is to
construct the stratification (i.e., the closure hierarchy) of orbits and bundles of the
pencils [13].

The stratification of matrix pencils under strict equivalence transformations [12]
13| [14] as well as the stratification of controllability and observability pairs [15] are
known. StratiGraph [I8|,120] is a software tool for computing and visualization of such
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stratifications. The stratification of full normal rank matrix polynomials has been
studied [I9] and implemented in StratiGraph too (available as a prototype now).

Our objective is to stratify orbits and bundles of skew-symmetric matrix pencils,
i.e., A-AB with AT = —A and BT = - B, under congruence transformations. Canonical
forms of skew-symmetric matrix pencils [23][24] and the structured staircase algorithm
[2, B] have already been investigated. The codimensions of the congruence orbits
of skew-symmetric matrix pencils are obtained from the solutions of the associated
homogeneous systems of matrix equations in [I0] (can also be obtained by computing
the numbers of independent parameters in the miniversal deformations [5]). The
Matrix Canonical Structure (MCS) Toolbox for Matlab was extended by the functions
for calculating these codimensions [9].

In this paper, we develop the stratification theory for skew-symmetric matrix pen-
cils, which (to our knowledge) is a novel contribution. For any problem dimension we
construct the closure hierarchy graph for congruence orbits or bundles. Each node
(vertex) of the graph represents an orbit (or a bundle) and each edge represents a
cover/closure relation. In the graph, there is an upwards path from a node represent-
ing A—\B to a node representing C'— AD if and only if A— B can be transformed by
an arbitrarily small perturbation to a skew-symmetric matrix pencil whose canonical
form is the one of C'— AD.

Some steps towards the understanding of stratifications of matrix pencils with
other symmetries have been done recently, e.g., miniversal deformations [7, §], the
stratifications of 2x2 and 3 x3 matrices of bilinear forms which give the stratifications
of 2 x2 and 3 x 3 symmetric/skew-symmetric matrix pencils are given in [16]. For
matrix pencils with two symmetric matrices see also [6, [11].

The rest of the paper is outlined as follows. In Section [2} we review the Kronecker
canonical form of a general matrix pencil A—AB under strict equivalence transforma-
tions, as well as the corresponding canonical form of skew-symmetric matrix pencils
under structure-preserving congruence transformations. We also state the conditions
when a general matrix pencil can be skew-symmetrized. Section [3|is devoted to the
derivation of the stratification of orbits of skew-symmetric matrix pencils. We obtain
the new results by investigating and proving relations between using strict equiva-
lence transformations versus congruence transformations. In Section [d] an algorithm
based on the theory presented in Section [3| for computing the orbit stratification of
skew-symmetric matrix pencils is described. In addition, Section [I.1] includes a step
by step presentation and illustration of the derivation and computation of the closure
hierarchy graph of the 4 x4 case. Finally, the stratification of skew-symmetric matrix
pencil bundles is discussed in Section [5] where the 4 x 4 case is used again to illustrate
similarities and differences between the orbit and bundle stratifications.
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2. Preliminary results. We start by recalling the Kronecker canonical form
(KCF) of general matrix pencils and canonical forms of skew-symmetric matrix pencils
under congruence. All matrices that we consider have complex entries. Define C :=
CuU oo.

For each k =1,2,..., define the k x k£ matrices

J7 1

1
VAR IR PR .|

W 1
and for each k=0,1,..., define the k x (k + 1) matrices
0 1 1 0
Fk = s Gk = . .
0 1 1 0

All non-specified entries of Jx(u), I, Fi, and Gy, are zeros.

An m xn matrix pencil A— B is called strictly equivalent to C' = AD if and only if
there are non-singular matrices Q and R such that Q"'AR = C and Q"'BR = D. The
set of matrix pencils strictly equivalent to A — AB forms a manifold in the complex

2mn dimensional space. This manifold is the orbit of A — AB under the action of the
group GL,,(C) x GL,(C) on the space of all matrix pencils by strict equivalence:

(2.1) ‘g ={Q Y (A-AB)R : QeGL,,(C),ReGL,(C)}.
The dimension of O%_,p is the dimension of the tangent space to this orbit
TS 5 ={(XA-AY)-AMXB-BY): X eC™™ Y eC™"}

at the point A — AB. The orthogonal complement to T¢_, 5, with respect to the
Frobenius inner product

(2.2) (A-AB,C - A\D) =trace(AC* + BD"),

is called the normal space to this orbit. The dimension of the normal space is the
codimension of the strict equivalence orbit of A — AB and is equal to 2mn minus
the dimension of the strict equivalence orbit of A — AB. Explicit expressions for the
codimensions of strict equivalence orbits are presented in [4].

THEOREM 2.1. [I7, Sect. XII, 4] Each m x n matriz pencil A — AB is strictly
equivalent to a direct sum, uniquely determined up to permutation of summands, of
pencils of the form

By (p) := Ji (1) = M, in which peC,  Ey(00) := I = AJj(0),
Li=F, -Gy, and L} :=F!'-)\GTE.
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The canonical form in Theorem 2.1]is known as the Kronecker canonical form. The
blocks Ex(p) and Fx(o0) correspond to the finite and infinite eigenvalues, respectively,
and altogether form the regular part of A—AB. The blocks Lj and Lf correspond to
the column and row minimal indices, respectively, and form the singular part of the
matrix pencil.

A sequence of integers N = (n1,n2,n3,...) such that ny + ns + n3 +--- = n and
ny 2ng > ... 2 01is called an integer partition of n (for more details and references see
[13]). For any a € Z we define N +a as the integer partition (n1+a,ns+a,n3+a,...) and
for positive b € Q we define bN to be (bny,bng,bns,...) assuming that we take only
b such that bn; are integers for i = 1,2,... The difference of two integer partitions
N = (n1,n2,n3,...) and M = (mq1,ma,ms,...) where n; > m;,7 > 1, is defined as
N -M = (n1 - mi,ns — ma,n3g —ms,...). The set of all integer partitions forms a
poset (even a lattice) with respect to the following order N' > M if and only if
ny+MnNg+--+n; 2my+mo+---+my, fori>1.

With every matrix pencil P = A-\B (with eigenvalues u; € C) we associate the set
of integer partitions R(P), L(P), and {J,,;(P):j=1,...,d}, where d is the number
of distinct eigenvalues of P (e.g., see [13]). Altogether these partitions, known as the
Weyr characteristics, are constructed as follows:

e For each distinct u; we have J,,,(P) = (j17 (P), j3° (P),...) : the k'™ position
is the number of Jordan blocks of the size greater or equal to k (the position
numeration starting from 1).

e R(P) = (ro(P),r1(P),...) (or, respectively, L(P) = (Io(P),l1(P),...)): the
kth position is the number of L-blocks (or, respectively, LT-blocks) with the
indices greater or equal to k (the position numeration starting from 0).

EXAMPLE 2.2. Let P =2E3(u1) ® 2E1(p1) ® 2E2(0) @ Ly® Ly ® LT @ LT be a
24 x 24 matrix pencil in KCF. The associated partitions are:

jﬂl(P):(472’2)’ joo(P):(272)7
R(P):(Q,Q,l,l,l), ,C(P)Z(Q,Z,l,l,l).

Matrices with specific characteristics should be treated with structure preserving
transformations to keep their physical meaning. Therefore it is natural to consider
skew-symmetric matrix pencils under congruence. An n x n skew-symmetric matrix
pencil A - AB is called congruent to C'— AD if and only if there is a non-singular
matrix S such that STAS = C and STBS = D. The set of matrix pencils congruent

to a skew-symmetric matrix pencil A — AB forms a manifold in the complex n% — n
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dimensional space (A has n(n —1)/2 independent parameters and so does B). This
manifold is the orbit of A — AB under the action of the group GL,(C) on the space
of skew-symmetric matrix pencils by congruence:

(2.3) 0% yg={ST(A-AB)S : SeGL,(C)}.
The dimension of OY_,  is the dimension of the tangent space to this orbit
“oan = {(XTA+ AX) - NXTB+BX): X eC™"}

at the point A— AB. The orthogonal complement (in the space of all skew-symmetric
matrix pencils) to T _, 5 with respect to is the normal space to this orbit. The
dimension of the normal space is the codimension of the congruence orbit of A - \B
and is equal to n? —n minus the dimension of the congruence orbit of A - \B.

Recently, explicit expressions for the codimensions of congruence orbits of skew-
symmetric matrix pencils were derived in [I0]. Since even the number of free param-
eters in the spaces, where we consider skew-symmetric matrix pencils under strict
equivalence and congruence, are different, so are the orbit dimensions and codimen-
sions of the pencils (illustrated by the example in Section .

THEOREM 2.3. [Z4] Each skew-symmetric nxn matriz pencil A—AB is congruent
to a direct sum, determined uniquely up to permutation of summands, of pencils of
the form

0 Jn(p) 0 In
H = -\
h(ﬂ) __Jh(,U/)T 0 _Ih 0 ) [LG(C,
[0 I 0 J(0)
K = —
ML 0] A[—Jk(O)T 0 ]
[ O FT}'L O GnL
ol S Le G

Therefore every skew-symmetric pencil A — AB is congruent to one in the following
direct sum form

(24) A_)‘B:®@th(u])®®l(kn®®Mmm

where the first direct (double) sum corresponds to all d distinct eigenvalues p;.

We say that a matrix pencil can be skew-symmetrized if its strict equivalence orbit
contains a skew-symmetric matrix pencil (e.g., P from Example can be skew-
symmetrized).

THEOREM 2.4. A matriz pencil P can be skew-symmetrized if and only if the
following conditions hold:
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1. For each distinct u; and every k its KCF contains an even number of blocks
Ek(,“]))

2. For every k its KCF contains an even number of blocks Ey(o0);

3. For every k the number of blocks Ly, is equal to the number of blocks L;‘g n
its KCF.

Proof. Follows from the form of the canonical blocks of matrix pencils under
congruence given in Theorem O

3. Orbit closure relations for skew-symmetric matrix pencils: strict
equivalence vs. congruence. A classical result, see [I7, Theorem 6, p.41] or [21]
Theorem 3, p.275], is that two skew-symmetric matrix pencils are strictly equivalent
if and only if they are congruent. In this section, we generalize this fact, proving
that a skew-symmetric matrix pencil A— AB can be approximated by pencils strictly
equivalent to a skew-symmetric matrix pencil C — AD if and only if A - AB can be
approximated by pencils congruent to C'— AD. First, we present three equivalent
formulations of our main result: Theorems [3.1} [3:2] and 3:3] We also recall some
known and provide some auxiliary results needed for the proof of the theorems. The
proof of the main result is presented at the end of this section.

By X we denote the closure of a set X in the Euclidean topology.

THEOREM 3.1. Let A—-AB and C — AD be two skew-symmetric matriz pencils.
Then the following holds:

(3.1) O¢-xp 2 O%_xp if and only if Og_\p>O0% 5.

Assuming A - AB # C — AD, the condition O¢_yp 2 O%_,p implies that O%_,p
is a part of the boundary of the orbit O¢_, . Therefore there is an arbitrarily small
perturbation of A—AB that brings it to a pencil nearby which is equivalent to C'—=AD.

The same is true for the congruence orbits. This leads to the following reformulation
of Theorem Bl

THEOREM 3.2. Let A—-AB and C — AD be two skew-symmetric matriz pencils.
There exists an arbitrarily small (entry-wise) matriz pencil F—AF', and non-singular
matrices Q and R such that

(3.2) Q' (A+F-XB+F"))R=C-\D

if and only if there exists an arbitrarily small (entry-wise) matriz pencil F-\E" where
FT=_F and FT = —F', and a non-singular S such that

(3.3) ST(A+ F-X\(B+F")S=C-\D.
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From (3.2) we have Q(C - AD)R™ - (A - AB) = F - A\F'. The corresponding
equality for congruence follows from (3.3). Since F' = AF’ can be arbitrarily small we
have another reformulation of Theorem B.11

THEOREM 3.3. Let A—AB and C — AD be two skew-symmetric matriz pencils.
There exists a sequence of non-singular matrices {Qk,Rgl} such that

(3.4) Qr(C-AD)R;' - A-\B
if and only if there exists a sequence of non-singular matrices { Sk} such that

(3.5) SE(C-AD)S, - A-\B.

REMARK 3.4. Note that ify > Y for some sets of matrices X and Y then Xo).
Thus O¢_yp 2 O%_ g implies Og_yp 2 O%_\g- The same implication holds for the
congruence orbits. The rest of the section is dedicated to the proof of Theorem

First we recall the result which describes all the possible changes in the KCF under
small perturbations. These changes are structure transitions based on six different
rules (see Theorem [3.5). By the structure transition X ~ Y we mean that in the
canonical form of a matrix pencil the blocks represented by X are replaced by the
blocks Y. Note that X and Y must have the same dimensions.

THEOREM 3.5. [I] Let P, and Py be two matriz pencils such that 07%1 > O,
(i.e., there is an upwards path from Py to Py in the corresponding closure hierarchy
graph). Then Py can be obtained from Py changing canonical blocks of Ps by applying
a sequence of structure transitions and each transition is one of the siz types below:

~

Lj,leeLkH MLJ‘@L]C, ]_i]ﬁk‘,
2. LT oLl ~LT oLl 1<j<k;
L ® Egy1(p) ~ Ljs1 ® Ex(p), 5,k=0,1,2,... and peC;

L]-T ® Epy1(p) ~ Lf+1 ® Er(p), 7,k=0,1,2,... and peC;

A

Ej(11) ® Ep (1) ~ Ej-1(p) ® By (p), 1<j <k and peC;

6. L, @Lg ~ @ By, (i), if prq+1= Zf=1 ki and p; # pyr for i+’ pu; € C.

REMARK 3.6. By Theorem [3.5 the number of column and row minimal indices,
respectively, may only decrease when we go upwards in the closure hierarchy.
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LEMMA 3.7. Let P and P> be two skew-symmetric n x n matriz pencils and
7‘}31 > O%p,. Then the difference in the number of the column minimal indices (or
associated L-blocks) of Py and Py is an even number (might be zero). The same
even number is the difference in the number of the row minimal indices (or associated
LT -blocks) of Py and Ps.

Proof. Let Pi and P, have the canonical blocks {Lyp,,Lyp,,..., Ly, .} and

{Lq,, Ly, - -- » Lq,, <P2>}’ respectively, that correspond to the column minimal indices.
By Theorem the sets of the row minimal indices with associated canonical blocks
are {L L] .. .,Lgpo(ﬁ)} and {L] Ll ... .,Lqu(P2)}. Since the regular part of a
skew-symmetric matrix pencil has always an even dimension (also see Theorem [2.3))
we obtain:
ro(P1) ro(P2)
> (2pi+1)=n(mod2) and ) (2¢;+1)=n (mod 2),
i=1 i=1

or equivalently
(3.6) ro(P1) =n (mod 2) and ro(P) =n (mod 2),
respectively. Subtracting the equations in we get

ro(P1) —r9(P2) =0 (mod 2).

Obviously, the same holds for the row minimal indices. O

0o w
-wr 0
p+q=n, fori=1,2. If Oy, > Oy, thenoiﬁglaog.

LEMMA 3.8. Let P; = [ ] , where W; = X; = \Y; are arbitrary pxq pencils,

Proof. Assuming Oy, > Oy, , we have the existence of non-singular @ and R and
arbitrarily small (entry-wise) E such that

Q' (Wy+E)R=W,.
After transposing both sides and multiplying with -1, we get
R'(-wy -ET)Q " =-w{.
Altogether, we obtain
Q™ 0 0 W o EN\[@T o 0w
RO Ere R [ R

ic., 05 50%,. 0
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Define the normal rank [I3] of an m x n matrix pencil P as
nrk(P) =n-ro(P) =m—1y(P).

Recall that ro(P) and lo(P) are the total number of column and row minimal indices,
respectively, in the KCF of P.

LEMMA 3.9. Let P be a matriz pencil, taken in the KCF, i.e., it is a direct sum of
the blocks E4,(X), Ep,(00), Le,, and LZZN see Theorem . Then the normal rank of
P (or nrk(P)) is equal to the sum of the indices, a;,b;,c;, and d;, of all its Kronecker
canonical blocks.

The following theorem characterizes the closure relations in terms of the Kronecker
invariants.

THEOREM 3.10. [13,22] O%, o O%, if and only if the following relations hold:

(37) R(Pl) + nrk(Pl) > R(PQ) + nrk(P2),
,C(Pl) +nrk(P1) z E(PQ) +IlI‘k(P2),
‘-7/1]‘ (Pl) +7"0(P1) < jllj (PQ) +7"0(P2),

forall,uje@,jzl,...,d.

Equipped with the results in theorems (2.4 3.10)), lemmas , and
associated remarks (3.4 , we are ready to prove our main result.

Proof. [Proof of Theorem To show the sufficiency, note that , which
is equivalent to the inclusion of the congruence orbits in , immediately implies
(3-4), which is equivalent to the inclusion of the strict equivalence orbits in (3.1)), with
Qr =S¢ and R;! := Sy.

Let us prove the necessity. By permutations of the rows and corresponding per-
mutations of the columns, the matrix pencils P;,7 = 1,2 taken in the canonical form

([2.4), can be written as

0o W
-wr o |

(3.10) P =QI PQi= [

where W; = X; — \Y; is a p x ¢ pencil, p+ ¢ = n, and @; is a permutation matrix for
i=1,2. Note that the choice of the pencils W;,7 = 1,2 is not unique. Below we explain
how to chose W7 and WQ in s%ch a way that Oy, > Oy, and thus to get O > O%
by Lemma Since P; and P, are congruent to P, and Ps, respectively, see (3.10)),
we will have the desired inclusion O% > O%p, .

We define the pencil W; to be a direct sum of the top-right corner blocks of the
H-, K-, and M-summands (see Theorem in the skew-symmetric canonical form
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(2.4) of P;. In terms of the KCF presented in Theorem these top-right corner
blocks are the E-blocks for the H- and K-summands, and the L-blocks for the M-
summands. All the remaining blocks, i.e., the bottom-left corner blocks of the H-,
K-, and M-summands (-ET-blocks and —L%-blocks in terms of KCF) in of P,
obviously form ~W{. The integer partitions associated with W, and their relations
to the integer partitions associated with Py are as follows (the first elements of the
partitions are used frequently and therefore listed in the right column):

R(W1) =R(P1), ro(W1) =ro(P1),
L(Wy) =0, lo(Wy) =0,

1 ) i 1, ,
\Lj(Wl):?]M(Pl), j=1,....d, jf](Wl):ijig(Pl), j=1,...,d.

By Lemma the number of L-blocks of P; is smaller by 2s (s is a non-negative
integer) compared to Ps, i.e.,

(311) To(P1)+2S=7‘0(P2).

Then from Theorem it follows that the number of L7 -blocks of P is also smaller
by 2s compared to Py, i.e., lo(Py) +2s = lo(P2). In fact, P; has —L-blocks but since
—Lg is strictly equivalent to Lf we can omit the minus sings.

Now we define the pencil W5 to be a direct sum of all the top-right corner blocks
of the H- and K-summands in the skew-symmetric canonical form of Py, the
bottom-left corner blocks of the s largest M-summands (i.e., the s largest LT-blocks)
in of Py, and the top-right corner blocks of the ro(FPs) — s smallest M-summands
(i.e., the ro(P2) — s smallest L-blocks) in of P,. All the remaining blocks form
-WJ. The integer partitions associated with Wy and their relations to the integer
partitions associated with P, are as follows (with the first elements of the partitions
in the right column):

R(Wg) = R(PQ) - SR, To(Wg) = To(PQ) -8,
E(Wz) =S., ZO(WQ) =S5,

1 . 11 1.y, ,
jp,j(W2) = §x7uj(P2)a J= 17""d7 j{L?(WQ) = §]fj(P2)’ J :17"'7d7

where the s largest L -blocks in P, moved to Ws, form £(Ws) = S and the ro(Py) -5
smallest L-blocks in P, moved to Wy form R(Ws3) = R(P;) — Sg. Note that Sg =S,
and we use both partitions to specify whether the partition corresponds to L- or L%-
blocks. Let us also recall that the minus sign between partitions (i.e., element-wise
subtraction) represents the following: from the pencil that corresponds to R(FP2) we
take away all the canonical summands that are in the pencil corresponding Sg. We
can express the normal ranks of Py, Py, Wy, and W5 via n, s, and 7o(Pz). By definition:

nrk(Py) =n-ro(P2) +2s and nrk(P) =n—ro(P).
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Recall that the sets of the indices of L- and L”-blocks are exactly the same (R(P,) =
L(P)), see Theorem The indices (but not the blocks) are equally distributed in
both the cases, i.e., between the blocks Wi and ~W{ in Py, and between the blocks
Wy and ~WJ] in Py. Being more precise, a block Ji, () is in W; if and only if there is
a block —J' (1) in =W and a block Ly (or L}) is in W; if and only if a block —L{
(or —Ly) is in ~W[. Therefore, using Lemma we have

nrk(Wy) = %(PQ) +s and nrk(Wy) = %(PQ).

Since 07;1 > Of,, the conditions 7 hold by Theorem By we have
R(P) +n—r9(P2) +2s 2 R(P2) +n—ro(Ps).
Subtracting n — ro(P2) + s from both sides we obtain
R(P)+s>R(P)-s.

The last majorization is equivalent to

(3.12) i(rk(Pl) +5) 2 i(rk(P2) -s), 7=0,1,2,...,n.
k=0 k=0

The partition that corresponds to subtracting the s largest blocks from R(Py) is:
(313) R(PQ) - SR = (To(Pz) - S,T‘l(Pg) —S8,... 7T',y(_PQ) - 870, e ,0)7

where + is the position of the last non-zero entry in the partition, i.e., r,(P2) —s>0
(recall that we start the position numeration from 0). Then we obtain

R(P,) + 5> R(Ps) - S,

since the corresponding inequalities for j = 0,...,7 are exactly like in (3.12)) and for
j=v+1,...,n they follow immediately from r;(R(P;) - Sg) = 0 (see (3.13)). In
terms of partitions for W;,7 = 1,2 we have

R(W1) +S > R(Wg),

R(w) + L) s iy« M TOTR)
or equivalently
(3.14) R(W7) + nrk(W7y) = R(W2) + nrk(Ws).

To prove the majorization for the L£-partitions we note that (s, s,...) > Sz. Therefore

,C(Wl) +Ss = E(Wg),

n=ro(F2) )4 norol)
2

L(W1) + 5

+s52 L(W,

)
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or equivalently using the normal ranks:
(3.15) E(Wl) +IlI‘k(W1) ZE(WQ) +nrk(W2).
Using (3.9) for each distinct p1; we have

jﬂj (Pl) + TQ(PQ) -2s % jﬂj(PQ) + T'()(PQ),
QJHJ(Wl) -2s< 2juj(W2),
juj(Wl) + To(Wg) -Ss=< juj(Wg) + ’I“()(WQ).

By (3.11) we have that ro(W3) — s = 7o(W7). Therefore

(3.16) T (W1) +10(Wh) < Ty (W) + 10 (Wa).

Summing up: (3.14)), (3.15), and (3.16) imply Ofy, > Oy, by Theorem d

4. Orbit stratification of skew-symmetric matrix pencils. The stratifica-
tion algorithm of complex skew-symmetric matrix pencils under congruence is mainly
based on Theorem [3.1] and the closure hierarchy graph for matrix pencils under strict
equivalence.

Let us recall that in the orbit stratification graph each node represents an orbit
and each edge represents the closure/cover relation. There is an upwards path from
O4-xp to Oc_ap if and only if Oc-xp 2 Oa-xp (here either all the orbits are under
strict equivalence or under congruence).

ALCORITHM 4.1 (Stratification of skew-symmetric matrix pencils).

Step 1. Construct the stratification of n x n matriz pencils under strict equivalence
[12,[13] (e.g., using StratiGraph [18]).

Step 2. Eaxtract from the stratification in Step 1 the nodes corresponding to the matrix
pencils that can be skew-symmetrized (Theorem|2.4)). They are in one to one
correspondence with the congruence orbits of skew-symmetric matriz pencils.

Step 3. Replace the Kronecker canonical forms with the canonical forms under con-
gruence (it is possible because we chose only the orbits of matriz pencils that
can be skew-symmetrized) and place them according to the codimensions com-
puted separately [10].

Step 4. Put an edge in-between two nodes obtained in Step 3 if there is an upwards
path (may be through other nodes) in-between the corresponding orbits in the
graph obtained in Step 1 and no edge otherwise. We do not put an edge in-
between two nodes (obtained at Step 3) if there is already an upwards path
from one to another via some other nodes.
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In the following, we explain why the obtained subgraph is the stratification of
skew-symmetric matrix pencils under congruence, i.e., the correctness of Algorithm

ET

Step 21is justified by the fact that two skew-symmetric matrix pencils are congruent
if and only if they are equivalent [2I]. Thus all congruent skew-symmetric matrix
pencils have the same KCF which is easily determined from the canonical form under
congruence (see Theorem [2.3). Matrix pencils that can be skew-symmetrized can be
found using Theorem [2.4

The legality of Step 4 follows from Theorem which ensures that for each pair
of two skew-symmetric n x n matrix pencils A — AB and C' — AD there is an upwards
path from A - AB to C' — AD in the stratification of n x n matrix pencil orbits under
strict equivalence if and only if there is an upwards path from A - AB to C' - AD in
the stratification of skew-symmetric n x n matrix pencil orbits under congruence.

4.1. Orbit stratification of the 4 x 4 case. Using Algorithm we stratify
orbits of skew-symmetric 4 x 4 matrix pencils.

Step 1. The stratification (or closure hierarchy graph) of 4 x 4 matrix pencils
under strict equivalence is constructed using StratiGraph, see Figure Nodes
corresponding to orbits with the same codimensions (left column) are listed on the
same level in the graph.

Step 2. The matrix pencils in Figure [4.1] (with codimensions) that can be skew-
symmetrized are:

4Lo @ ALT, codim. 32; LioLio LT ® Ly, codim. 12;
2Lo ® 2L ®2J1 (1), codim. 20; 2J2 (1), codim. 8;
4J1 (1), codim. 16; 2J1(p1) ®2J1(p2), codim. 8.

Step 3. We replace the Kronecker canonical forms by the canonical forms under
congruence. For example, 2Ly ® 2LY @ 27, (uy) is replaced by 2My & H; (1) and
Li® Lyo LT ® LY is replaced by M; @ My. We also compute the corresponding
codimensions under congruence using formulas from [10].

Step 4. We check all the possible pairs of nodes. For example, there is a path
from 2Lo ® 2L ® 2J;(p1) to Ly ® Lo ® LT @ LI (it is going through the orbits
2L ® 2LY ® Jy(u1) and 2Lg ® LY @ LT @ J1(111)) therefore we have an edge from
2Mo @ Hi(u1) to My ® My in the stratification of skew-symmetric matrix pencils
under congruence. We leave the straightforward verification of the other edges (or
their absence) to the reader. In summary, we get the stratification with the congruence
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Fic. 4.1. Orbit stratification of 4 x 4 matrixz pencils under strict equivalence. In the bottom of
the graph there is the most degenerate orbit corresponding to the zero pencil. In the top of the graph
there are five types of the most generic orbits. The other orbits are placed in-between with respect
to their codimensions (4 — 32 listed on the left). Note that in StratiGraph pencils Jn(p) — A, and
I, — AJn(0) are denoted by Jn(p) in which p e C, Fy, -Gy by Ly, and FE - )\GZ by Lz;.

orbit codimensions listed to the right:

Ha(pr) Hy(p1) © Hy(p2) codim. 2
T

My & My codim. 3

2H; (p1) codim. 6

2Mo ® Hy(111) codim. 7

4 M, codim. 12
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Since 1 and uo represent distinct eigenvalues we can take either p = 0o or us = oo.
In order to correspond to the notation in Theorem [2.3] and if we take one eigenvalue
being infinite we have to replace Hi(u1) and Ho(u1) by K7 and Ko, respectively, or
Hy(p2) by K7 in the stratification graph above.

The complete stratification process is illustrated in Figure

o~ _—\ ot
——— e
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—
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Ledpedu)]  2Leiel (el

+— ________ —’2M0+H1(H1) codim. 7

NN

——————————— = 4M, codim 12

F1G. 4.2. Orbit stratification of skew-symmetric 4 x 4 matriz pencils under congruence (right
graph) extracted from the orbit stratification of all 4 x 4 matriz pencils under strict equivalence (left
graph) using Algorithm

5. Bundle stratification of skew-symmetric matrix pencils. As in the
case of matrix pencils under strict equivalence [12] [I3], we also consider stratification
of congruence bundles. A bundle B _, 5 is a union of skew-symmetric matrix pencil
orbits with the same singular structures and the same Jordan structures except that
the distinct eigenvalues may be different. This definition of bundle is analogous to the
one for matrix pencils under strict equivalence [I3]. Therefore we have that two skew-
symmetric pencils are in the same bundle under strict equivalence if and only if they
are in the same bundle under congruence. This together with Theorem [3.1] ensures
that for skew-symmetric matrix pencils, the stratification algorithm for bundles is
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analogous to the one for orbits (Algorithm. So we extract the skew-symmetrized
bundles from the stratification of matrix pencil bundles and put an edge between two
of them if there was a path between them in the matrix pencil graph. As in the
graphs for orbits we do not write an edge between two nodes if there is already a
path from one to another via some other nodes. In addition, the codimension of a
skew-symmetric matrix pencil bundle of A — AB under congruence is defined as

codim BY_, 5 =codim Of_,p5— # {distinct eigenvalues of A - AB}.

EXAMPLE 5.1. In Figure we stratify bundles of skew-symmetric 4 x 4 matrix
pencils. Fach node in the closure hierarchy graph to the right represents a bundle
under congruence and each edge a closure/cover relation. Perturbing arbitrarily small
an element from a given bundle in the closure hierarchy we can get an element of any
bundle to which we have an upwards path in the graph.
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F1G. 5.1. Bundle stratification of skew-symmetric 4 x 4 matriz pencils under congruence (right
graph) extracted from the bundle stratification of all 4 x 4 matriz pencils under strict equivalence

(left graph).

Notably, in the orbit stratification the eigenvalues may appear and disappear but
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they are fixed (cannot change). Contrary, in the bundle stratification the eigenvalues
may coalesce or split apart. As a consequence, each of the two bundle graphs in
Figure has only one most generic node (bundles with 4 and 2 distinct eigenvalues,
respectively) while the two orbit graphs in Figure have more than one most generic
case (5 and 2 orbits, respectively).
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