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Abstract ScalLAPACK contains a pair of routines for solving systemsgiviare nar-

row banded and diagonally dominant by rows. Mathematictilyalgorithm is block

cyclic reduction. The ScaLAPACK implementation can be ioyed using incom-

plete, rather than complete block cyclic reduction. If thatmx is strictly dominant

by rows, then the truncation error can be bounded directigrims of the dominance
factor and the size of the partitions. Our analysis inclug®s results applicable in
our ongoing work of developing an efficient parallel solver.
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1 Introduction

Let A= [aj] be a reah by n matrix and consider the solution of the linear system
Ax=f,
wheref € R". The matrixA is banded with bandwidthk2t 1 if
li—j|>k=4a =0.

The matrixA is diagonally dominant by rows i&i| > ¥ |&;j| for all i. If the in-
equality is sharp, theA is strictly diagonally dominant by rows. & is diagonally
dominant by rows and nonsingular, th&an# 0 and the dominance facteris defined

by
£ = max 1 |laij| ¢ €[0,1]
i Ian\;-I : T
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Narrow banded linear systems which are strictly diagondfiyninant can be
found throughout the physical sciences. In particularstiiation of parabolic PDEs
using compact finite difference methods is a rich source afrgtes.

In general, we cannot assuraeg 1. However, in this paper we argue thatifs
not too close to 1, then incomplete cyclic reduction becomeble alternative to
the ScaLAPACK algorithm [2], which is a special case of blogklic reduction.

We begin by stating a few results on matrices which are btritagonally domi-
nant by rows in Section 2. We review the cyclic reduction &t by R. W. Hock-
ney and G. H. Golub [4] and provide an elementary extensica refsult by Heller
[3] in Section 3. We state and prove our main results in Seetio

This paper builds on the analysis of the truncated SPIKErdlgo by Mikkelsen
and Manguoglu [5] and it requires a good understanding ofrthtines PDDB-
TRF/PDDBTRS [2,1] from ScaLAPACK, as well as the work of Hel[3]. The
truncated SPIKE algorithm (introduced by Polizzi and Saijtefi]) also applies to
systems which are banded and strictly diagonally domingmotws.

2 Basic Properties

The following results (proved in [5]) are central to our ars.

Lemma 2.1 Let A be an m by m matrix which is strictly diagonally dominaytows
with dominance factoe. Let A= LU be the LU factorization of A. Then U is strictly
diagonally dominant by rows argy;, the dominance factor of U, satisfigs < €.

Lemma 2.2 Let A be an m by m matrix and let B be an m by n matrix such[#&

is strictly diagonally dominant by rows with dominance tact. Then C= [, A"1B]

is strictly diagonally dominant by rows areg, the dominance factor of C, satisfies
& <E

Lemma 2.3 Let A be a banded matrix with bandwidtkh+ 1 which is strictly diago-
nally dominant by rows with dominance facgrand let A be partitioned in the block
tridiagonal form

D1 R

EZI'

A= 2.1)

R
Em Dm

with block sizeu = gk for an integer g> 0. Moreover, let[U; Vi| be the solution of
the linear system
Di [Ui Vi] = [E F],
where g, Uy, Ry, and \, are undefined and should be treated as zero, and let
T T
Ui = (UiTl7UiT2a'-'7UiTq) ) Vi= (\/I-I;I_7V|T237\/I-I;:|)
be a partitioning of Yand \f into blocks each consisting of k rows. Then

Uijllo <&, Mijlle <UD j=12..4q
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3 Block Cyclic Reduction

Mathematically, the algorithm used by PDDBTRF/PDDBTRS ispacial case of
block cyclic reduction [4] which we briefly review below. ldition, we present an
extension of a relevant result by D. Heller on incompleteckloyclic reduction [3].

Let Abe anmby mblock tridiagonal matrix in the form (2.1) which is also sty
diagonally dominant by rows, and IBtbe the matrix given by

D = diag(D1, Dy, .., Dm)

and consider the auxiliary matrB&defined by

0 D;'R
D,'E;, 0 DR
B=D A-D)= D;'E;
. D;ilFm—l
DnlEm O

The norm of the matriB measures the significance of the off diagonal blocka.of
Specifically, letf € R" and letx andy be the solutions of the linear systems

Ax=f, Dy=f.

Then,
x—y=x—D"1Ax=(1-DA)x=D"1D—-A)x=—Bx

which for all x #£ 0 implies that

X =Yl
(X0

< ||Bl|co-

Therefore, if||B|| is sufficiently small, thely is a good approximation of The lin-
ear system®;y; = fi, i = 1,2,...,mcan be solved concurrently on different proces-
sors without any communication. Therefore, the block diedtinear systenby = f
is even more suitable for parallel computing than the osbjimear systenf\x = f.

We illustrate block cyclic reduction in the caserof= 7. LetP denote the matrix
which represents the usual odd-even permutatiar the blocks, i.e.

a = (l’375777274’6)7

and define’ by

D; F
D3 Es R
D5 E5 F5 / /
A = PAP" = D7 E | = [ A | A1 }
E2 |:2 D2 A21 A22
Es R D4
i Es Fe De |
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The Schur complement @ is the block tridiagonal matriAM) given by

D(ll) Fl(l)
AY = My — Ay Ny Ay = Eél) D<21) F2(1> )
Eél) Dgl)
where
DY = Dyi — EaDy* 1 Foi 1 — FaiDyt 1 Eia
and

EY = -EaDy'1Ea 1, RV =-FaDyl Faca.

Heller [3] showed that iAA is strictly diagonally dominant by rows, then block cyclic
reduction is well defined and the new auxiliary matrix

with D = diag D{”, DY D{), satisfies
1B < [1Ble < [IBZ.

In addition, Heller [3] showed that A is strictly diagonally dominant by rows, then
the initial matrixB satisfied|B||» < 1 and the significance of the off diagonal blocks
decays quadratically to zero.

We have found that it is possible to explicitly incorporate tlominance factor
into the analysis. For the sake of notational simplicity vedie U; andV; as the
solution of the linear system

Di [Ui Vi] = [E F],
whereEs, U1, Fm, andVy, are undefined and should be treated as zero. It follows that

IBY s = max||Zi e

where
Zi = (1 —UaVoi_1 —VaiUai 1) UaiUzi 1, VaiVai 1]
Therefore,
Voi_1 U1 O
Zi = [Uzi Vai] {Uzlwrj Zi+ Uz Va [ (I) VZHJ
1] Vaca [ Uzca O 4
= [Uzi Vai] [ Uz | O Vaiya } [' } -

The right hand side can be estimated using Lemma 2.2. We have
1Zille < £2max{||Zi]|e, 1}. (3.1)
However, if we assumgZ || > 1, then (3.1) reduces to

1Zilloo < €2[|1Zi 0
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which forces the contradictiofZ;||.. = 0, simply because < 1. Therefore||Zi||» <
1, which inserted into (3.1) yields

1Zi ]| < €2.

It follows, that
1BY o < €2, (3.2)

This estimate is tight and equality is achieved for matrifethe form

Ik €l

el
Ik

4 Preliminary Analysis of the ScaLAPACK Routine PDDBTRF

The ScaLAPACK routine PDDBTRF can be used to obtain a fazation of a narrow
banded matriXA which is diagonally dominant by rows, [1].

Mathematically, the algorithm is block cyclic reductiorpdipd to a special parti-
tioning of the matrix, which is designed to exploit the bashd&ructure. Specifically,
the odd numbered blocks are very large, say, of dimengiengk, whereq>> 1is a
large positive integer, while the even numbered blocks lawensiork.

The large odd numbered diagonal blocks can be factored aillpkwithout any
communication. It is the construction and factorizatiotthef Schur complemert)
which represents the parallel bottleneck. Obviously, #utdrization can be acceler-
ated, whenever the off diagonal blocks can be ignored. Ndwewve do inherit the
estimate

1BY |l < €2

from the previous analysis, this estimate does not take @aheéx structure into ac-
count. We have the following theorem.

Theorem 4.1 Let A be a tridiagonal matrix which is strictly diagonally shinant by
rows.Then the significance of the off diagonal blocks oftiiteal Schur complement
is bounded by

IBY o < g9,

Proof We must show thaZ; given by
Zi = (1 —UzVai—1 — VailUzi41) * [U2iUzi_1, Vai Vi 1]

satisfies
1Zi]e < €319

We solve this optimization problem by partitioning it int@d subproblems, which
can be solved by induction.
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We begin by making the following very general estimate

b t
10z oo U oo + [V o VA 1
b t ’
1 (Uil VA4l — [V oo U 3 o

||Z|||oo <

where the notatiot © (U(®) is used to identify the matrix consisting of the top
(bottom)k rows of the matriXJ. This estimate is easy to verify, but it relies on the
zero structure of the matric&l; andVs;. Now, let

b b
a=Ug0sle, B=INgaller y= Ukl 6= Nyl
and define an auxiliary function
_ax+oy
g(x,y) = 1-Bx—y’
where the appropriate domain will be determined shortly. If
X=Vaillw,  y=1Vaille

then by design

1Zillo < g(x,Y).
In general, Lemma 2.1 implies that

[IUa2i, V]|l < €

llo

but in the current case & = 1, this follows directly from the definition of strict
diagonal dominance. Regardless, we see that the naturaiddan g is the closure
of the setQ given by

Q={(xy)eR?: 0<XA0<YyAX+Yy<E}

It suffices to show thag(x,y) < €9 for all (x,y) € Q. Itis clear, thaty is well defined
andg € C*(Q), simply becaus@ < ¢, y < € ande¢ < 1, so that we never divide by
zero.
Now, doesg assume its maximum withif2? We seek out any stationary points.
We have
99

99y yy = A=(AV=BOlY = g 99y =

5+ (ay—Bd)x
WYz M gy

(1-Bx—yy)*
Therefore, there are now two distinct scenarios, namely
ay—B6=0 or ay—Ld+#0.

If ay— B0 =0, then there are no stationary points, uniess o = 0, in which case
g = 0 and there is nothing to prove.dfy — 30 # 0, then

(X0, Yo) = (ayi[ge}’ayflw)
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is the only candidate, bk, Yo) ¢ Q, simply because

@0y
(ay—po)% ~
is not strictly positive. In both cases, we conclude thatgldal maximum forg is
assumed on the boundary @f

The boundary of2 consists of three line segments. We examine them one at a
time. We begin by defining

XoYo = —

_ _ %y
9:(y) = 9(0,y) = Ty Y€ [0,€].
Then 501 ) y(—y) 5
/ — YY) —oy(—y
gl(y) (1—W)2 (1_W)2 -
and we conclude that
o€
< = = )
9(y) < 91(€) =9(0.8) = 1 — Ve
Similarly, we define
ax
gz(X) = g(X7O) = 1_BX’ Xe [07 g]
Then (1-px)— ax(—B)
a(l—PBx)—ax(— o
e R (e
which allows us to conclude that
o
92(X) < 02(6) = 1o
Finally, we lets € [0, £] and define
as+9o6(e—9) (a—98)s+d¢

G(8) =086 = T ey T 1-ye—B_ys

Then (a—8)(1—ye) + 55(B )
Lo (a—=0)(1—ye)+oe(B—Y
B = e By

Thereforegs is either a constant or strictly monotone. In either case

93(s) < max{gs(0),93(¢)}-

We can now conclude that for dk,y) € Q : g(x,y) < max{g(&,0),9(0,&)}. We will
only show that

(b)
ae €Uyl < gl+a

g(S,O) = = b >
1-Be 1 gV |
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simply because the other case is similar. The proof is byatida ong, i.e. the size
of the odd numbered partitions. Let

c|la by
2 a b

Cq 2 | by
be a representation of tt{gi — 1)th block row of the original matriXA. Using Gaus-
sian elimination without pivoting we obtain the matrix

| & by
C % | b

Now, letV be the set given by
£lci/1ag] i
V=<_je{l2,....q: —— 1 < j=12..q;.
{ t eyl

We claim thaV = {1,2,...,q}. We begin by showing that4 V. Let

x=|cy|/[ay], y=Iba|/|ad].
Then(x,y) € Q and it is straightforward to show that
£X 2
<
l-ey— ¢

Now, suppose thate V for somej < q. Doesj +1 € V? We have
c:

j+1 = dj+1 J+1a/_ ) j+1— J+1a,_ )
J ]

which implies

edial/ldal el elenal(gl/a)
1—elbjsal/8] 4] (8] 4l —€bjral  [ajra—cjra(bj/a))| - €lbjsa]
elcjal(Icjl/|81)
~ laj+a| = [cjuallbjl /8| — £[bja]
7 e(cj+al/laj+al)(Icjl /1ag])
1 (lejral/laj+al) (sl /18]) — &(bj+al /1aj+a])

We simplify the notation by introducing

v=Icjl/lal,  u=1bjl/lajl, x=lcjtal/lajial, y=[bjal/lajsal,
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and defining

EXV

By the strict diagonal dominance 8f we have(x,y) € Q and it is easy to see that
h(x,y) < h(g,0). Therefore

2
EXV < £V . gV <. gl — gty
l-xu—ey 1—¢€u l—¢eu

andj+1 e V. By the well ordering principley = {1,2,...,q}.
In view of Theorem 4.1 we make the following conjecture.

Conjecture 4.1The auxiliary matrix corresponding to the initial Schur qdement
generated by the ScaLAPACK routine PDDBTRF satisfies

1BV < g7,

whereu = gk is the size of the odd number partitions ane: 1 is the dominance
factor.

This is one possible generalization of the cgsel to the case > 1 and it does
reduce to Theorem 4.1 in the caseket 1. The proof of Conjecture 1 for the general
case is ongoing work. So far, we have derived the followirsylts.

Theorem 4.2 If A is strictly diagonally dominant by rows and banded withnbd-

width (2k+ 1) then
sl+q

@O <
||B ||°°— 1_82'

Proof By definition
Vai Ui1 O
Zi =[Va, Val { [Ujii] 4+ [ z(l) 1 \72i+1} }

1Zilloo < €{€]|Zi||o0 + €9} = €2[|Zi || + €119

and the proof follows immediately from the fact theat 1.

Therefore

It is the elimination of the singularity & = 1 which is proving difficult in the
case ofk > 1. Specifically, it is the decomposition into two separatbpsablems
which is difficult to achieve fok > 1.

In the case of matrices which are both banded and trianguwajeCture 4.1 is
trivially true.

Theorem 4.3 If A is a strictly upper (lower) triangular banded matrix Wwidomi-
nance factore and upper (lower) bandwidth k, then

1B < &9,

whereu = gk is the size of the odd numbered partitions.
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In general, we have the following theorem.

Theorem 4.4 Dropping the off diagonal blocks in the initial Schur complent is
equivalent to replacing the original matrix A with a pertedb matrix A+ AA for
which

1AA|e < €79 A]|e.

Proof By definition
O =W _ _re.p-l E. D1l E ] — Bl s o
Ei ) Fi - [E2|D2i_1E2|71, F2| D2i+1F2|+1] = [E2|U2|717 F2|V2|+1]-
However, the zero structure &b andF,; implies that

[E2iUzi-1, FaiVaii1] = [EaUzi-1, FaiVaiia]

where

oos- [ 8] e [4]
2i-1= by |, Va2it1=| 4
uf, 0

isolate the bottonk rows ofUy_1 and the togk rows ofVyi 1. By Lemma 2.3
b t
Ul < 9, IVAY 4l < €.

It follows that

[E-<l>7 |:.<1>} = —D2i [Uz, V2] [UZi_l 0 }

0 Vaipr
which implies
1) (1
|[E®. Y]] < e lIPalle < Al

and the proof is complete.

Conjecture 4.1 is interesting in precisely those cases evtter relative back-
ward error bound given in Theorem 4.4 is small, but not smadiugh, to satisfy the
demands of the user. If the conjecture is correct, then thpeesee of Schur comple-
ments generated by the ScaLAPACK algorithm will satisfy

1BY o < (27927

k=12 ...

Therefore, ife is not too close to 1, then a few steps of cyclic reduction p&ltmit
us to drop the off diagonal blocks, thus facilitating a platatolve. In addition, if
we increase the number of processors by a factor of 2, thenwet meplacey with

d ~ /2, but the accuracy can be maintained by executing a singie sbep of cyclic
reduction.



Parallel Solution of Narrow Banded Systems 11

5 Future Work

We have shown that incomplete cyclic reduction is applieabltridiagonalk = 1)
linear systems which are diagonally dominant by rows anddeetified the worst
case behavior. Ongoing work includes extending our arglpsihe general case of
k > 1. In addition, we are developing a parallel implementatbimcomplete, rather
than complete cyclic reduction for narrow banded systerhe. factorization phase
will feature an explicit calculation of the auxiliary mates, in order to determine the
minimal number of reduction steps necessary to achieveemgigcuracy.
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